Abstract. This study aims to explore the ways in which population dynamics are affected by the shape and size of fragmented habitats. Habitat fragmentation has become a key concern in ecology over the past 20 years as it is thought to increase the threat of extinction for a number of plant and animal species; particularly those close to the fragment edge. In this study, we consider this issue using mathematical modelling and computer simulations in several domains of various shape and with different strength of the Allee effect. A two-dimensional reaction-diffusion equation (taking the Allee effect into account) is used as a model. Extensive simulations are performed in order to determine how the boundaries impact the population persistence. Our results indicate the following: (i) for domains of simple shape (e.g. rectangle), the effect of the critical patch size (amplified by the Allee effect) is similar to what is observed in 1D space, in particular, the likelihood of population survival is determined by the interplay between the domain size and thee strength of the Allee effect; (ii) in domains of complicated shape, for the population to survive, the domain area needs to be larger than the area of the corresponding rectangle. Hence, it can be concluded that domain size and shape both have crucial effect on population survival.
Introduction
Due to ill-planned human action and unsustainable exploitation of resources, fragmentation of ecological habitats is becoming more common and has become a process that can negatively affect the survival rates of many species [12, 17, 34, 37] . Consequently, for the past two decades, the study of population dynamics with regards to fragmented habitats has become an issue of considerable importance for conservationists and other parties interested in certain species survival [4, 12] . The ecological effects of fragmentation have received increasing attention in many recent studies focusing on the issue of habitat fragmentation and related aspects (e.g. formation of habitat boundary ecosystem) [12, 13, 34, 36] . Mathematical models confirming that small and fragmented populations are more likely to go extinct have been developed and used as a result thereof [8, 16, 24, 25, 35] .
The effects of the fragmentation processes on habitats can be observed in two ways, either in the shortterm (including modifications of habitat shapes, changes in population sizes, and the emerging structures at the edges of the fragments) or in the long-term (including population genetic transformations and extinction of species that have either low growth rate or a complex life cycles) [2] . Furthermore, fragmentation can have either a direct or indirect impact on different types of plant and animal species. Generally speaking, plants and animals react in one of three ways to habitat fragmentation: they can respond positively (e.g. by an increase in the population size of pioneer species of plants, modifications in species composition, and changes in distribution and biotic interactions), negatively (such as by experiencing a decrease in the population size, as it happens for many species), or neutrally (meaning that fragmentation had no clear effect on them). This latter example can be seen in the case of the fragmentation of the habitat of Los Tuxtlas, Mexico, where a continuous forest covering 1000m 2 showed no difference in the population size of a particular plant species both prior to and after fragmentation [2] . As a rule, the effect of habitat fragmentation is felt strongest by plant species, especially whose seeds are disseminated by animals.
In the ecosystems science, a major area of study has been the effect of fragmentation on population dynamics. A wide range of effects has been discovered, revealing the influence of various factors including (1) fragment size, (2) edge effects, (3) fragment shape, (4) isolation, and (5) the characteristics of the environment "matrix" surrounding the fragments (e.g. native vegetation type such as deforested areas, cattle pasture, agricultural crops, urban areas, etc.) [2, 4, 5, 11, 12] . However, the dynamics have in some cases proven difficult for biologists to study and evaluate, for various reasons including (i) the response time of populations to fragmentation, (ii) the biogeographical position of the species under study, and (iii) synergism between different processes (e.g. between fragmentation and harvesting, or fragmentation and climatic change). For these reasons, mathematical modelling is used extensively. In this paper, we use mathematical modelling and simulation to study the effects of fragmentation on population dynamics as a function of (1) fragment size, (2) edge effects, and (3) fragment shape.
Edge Effects. One important outcome of habitat fragmentation is the emergence of the habitat edges. Ewers and Didham [11] explained this by referring to those sections of a fragment that have been modified by outside agents and, therefore, implicitly experienced edge effects. These effects manifest themselves in the manner in which two neighbouring ecosystems interact through the common boundary [13] . As noted by Ewers and Didham [11] , habitat fragmentation increases the chances of changes to occur. This is seen most prominently closer to the edge. Habitat edges play a key role not only in regulating the flow of organisms but also in permitting the invasion of external influences, such as fire and non-native species. Closeness to the fragment edge has an impact on the persistence and survival of animal and plant species as well as on their interactions. The survival and persistence of animal and plant species and their subsequent interactions are also influenced when they are nearer to the fragment edge [2] . Fragment Size. Fragment size has been identified by numerous researchers as the most important spatial feature that has a significant effect on the biodiversity in a fragmented landscape [4, 11, 23] . Expansive areas are generally good for the survival and proliferation of plants and animals. As a result thereof, the extent to which a species is susceptible to potential extinction increases along with a decrease in the fragment size. Fragment Shape. Ecological interactions are known to go differently in areas adjacent to the habitat border and in the core areas [5, 27] . On the other hand, for a given area of the habitat, domains of complex shape tend to have longer boundary and/or smaller core areas. One can conjecture that the population dynamics (in particular, the likelihood of population survival) should be dependent on the habitat shape. Indeed, the connection between the shape of the fragment and the richness of the population species living therein was noticed in some earlier work [30] , although the measures to determine the importance of the shape of the fragment remained largely speculative.
In order to predict the changes in population dynamics or community structure resulting from a change in landscape structure, it is necessary to understand the interrelationship between the essential components [9] . The interplay between the fragment size and fragment shape has a decisive influence on the area of a habitat fragment that is likely to feel the impact of the edge effects [11] . Moreover, as was mentioned above, whether animal and plant species will survive or not is often determined by the proximity to fragment edges [2] . On the other hand, it was also also observed that, under certain circumstances, plant and animal populations may be favourably influenced by habitat fragments of large size and with an irregular shape [2] . This favourable influence of complex shapes on species of plants and animals may be explained in terms of the fact that, by comparison to more compact fragments, they permit colonisation by different populations with greater frequency. Ewers and Didham [11] clarified that intensified colonization is made possible by the higher number of edges possessed by fragments with a complex shape.
The impact of fragmentation on population dynamics is the main focus of the present study, with special attention being given to the effects of fragment shape and size. The size and shape of a domain have a significant influence on the properties and characteristics displayed by the population dynamics [29] . To gain an understanding of this influence, different fragment shapes will be analysed, with a particular focus on the existence of critical patch size effects, taking into account three different normalisations of the population growth rates [28] ; see Eqs. (2.3-2.5) in Section 2. Since the critical patch size of a population is the minimum size of habitat necessary for population persistence, its estimation is clearly crucial for understanding population dynamics. The earliest investigation of critical patch size was performed by Skellam [26] and Kierstead & Slobodkin [19] . They derived the critical size for continuous-time models displaying exponential growth and simple diffusion, i.e. for the following equation:
where α is the linear growth rate and D is the coefficient of diffusion. Having considered Eq. (1.1) in a one-dimensional habitat with length L, they obtained the following formula:
The species survives if L > L Cr , but will be at risk of becoming extinct if L < L Cr .
In the case of a two-dimensional domain square domain L × L, the condition of population survival is given by:
which obviously is a generalization of (1.2). Formula (1.3) is easy to derive (by considering the eigenvalues of the problem) and it is apparently far too simple in the context of real landscapes. A shape of greater complexity is likely to be more realistic. Based on this observation, the following point can be deduced: the variety of shapes manifested by different habitats can result in wide variations in critical patch size and, consequently, wide variations in the efficiency of population survival. In this study we will analyse the effect of three fragment shapes, namely, H-shaped, cross-shaped and square. A numerical solution of the two-dimensional reaction-diffusion equation (taking the Allee effect into account) will be employed to analyse the critical sizes of these habitat shapes for a single species. We will discuss (a) possible explanations for the critical habitat sizes of these shapes using different normalisations of the population growth rates, and (b) the effect of shape complexity in determining whether a population persists or goes extinct.
Mathematical Model
Our model is given by the following reaction-diffusion equation [10, 21, 31, 32, 39] : Assuming that the growth rate is dampened by the Allee effect [28, 33] (as indeed is often the case [6, 8] ), the per capita growth rate is dome-shaped and hence can be approximated with a square polynomial, which results in the cubic-polynomial expression for the growth rate f :
where γ is a coefficient which can be regarded as the characteristic growth rate. Note that the carrying capacity is scaled to one. Parameter β is known as the Allee threshold or threshold density and can be used to estimate how strong the Allee effect is. The Allee effect is considered weak when −1 < β < 0 and is considered strong when 0 < β [28] . Here the values 0.5 < β < 1 are sensible but not interesting because for these values a sufficiently large perturbation of the upper steady state u = 1 would normally lead to the population extinction in the spatial system (2.1).
Note that every different choice of parameters γ and β corresponds, generally speaking, to a different population. In order to study the effect of habitat's size and shape on different populations, one should be able to compare those different populations in a sensible way. Sensible comparison between two populations defined by two arbitrary parameter pairs, say (γ 1 , β 1 ) and (γ 2 , β 2 ) is difficult if possible at all. Indeed, different γ and β result in the growth rate of a different shape, and so what? In order to resolve this generic difficulty, Lewis & Kareiva [28] suggested to fix a certain feature of the population growth so that variation of the parameters would leave it unchanged. (For instance, such a feature can be the maximum growth, i.e. the maximum value of function f (u) for 0 < u < 1.) Introducing this constraint would introduce a relation between γ and β, hence rendering only one of the being independent (say, β) and the other one becoming its function, say γ(β). Following [28] , we therefore consider three different options:
1. The simplest constraint is to assume that γ always has a fixed value, thus being just a constant number:
For the sake of simplicity, below we consider γ = 1. 2. In the case that the growth rate f (u) as given by Eq. (2.2) is constrained to attain a fixed maximum value, then it is straightforward to derive the following expression:
3. In the case the maximum per capita growth rate is assumed to have a constant value, then it is readily seen that
In the next section, in order to reveal the effect of the size and shape, the 2D dynamics of the spatial system (2.1) will be considered in the domain of three different shapes (H-shaped, cross-shaped, and a simple square) subject to the different normalizations (2.3-2.5).
Results of computer simulations
In this section, we will present the results of the numerical simulations. Eq. (2.1) is solved numerically by finite differences using the explicit scheme. The values of the grid steps δx and δt are chosen to be sufficiently small in order to avoid numerical artifacts. Furthermore, before proceeding to the numerical simulations, the equations are required to be supplemented with boundary and initial conditions. At the boundary Γ of the domain, we use the 'zero-function' Dirichlet condition, i.e. u(r, t) = 0 for r ∈ Γ .
For the initial values, we use u(x, y, 0) = u 0 = constant. The growth rate was chosen in line with Eqs. (2.3-2.5). The diffusivity is fixed as D = 1.
We first consider a special case where the growth rate is linear, i.e. where the dynamics is described by Eq. (1.1). For the square-shaped domain, the critical size is given by Eq. (1.3) . As the next level of geometrical complexity, we consider Eq. (1.1) in a cross-shaped domain (see Fig. 1 ) which is obtained from the square-shaped L × L domain by removing equal l × l squares from its every corner (where, obviously, 0 < l < 0.5L). Numerical simulations show that there indeed exists the critical size that tends to decrease with the an increase in the growth rate α; see Figs We then consider the specific question whether it may be possible to match the critical size of the cross-shaped domain with that of the square where the results is known; see Eq. (1.3). Intuitively, the matching factor should take into account the area removed at the corners of the original square, which leads to the following heuristic relation between the critical size of the cross-shaped domain and that of the square:
where L Sr is the critical size of the square (as is given by Eq. 1.3), L Cr represents the critical size of the cross-shaped domain and ζ = l/L, so that 0 < ζ < 0.5. Surprisingly, the simple formula (3.1) gives very good result when ζ is not large; see Fig. 2 . The agreement is becoming somewhat worse when ζ approaches its maximum possible value 0.5. We mention here that the matching relation (3.1) can be made more accurate by introducing the correcting term, say ρ(ζ):
In particular, we have found that the following choice of function ρ(ζ):
makes the matching relation (3.2) almost precise; see Fig. 3 . However, we admit that the choice of the correcting term as (3.3) is purely technical (having been obtained by best-fitting the simulation data with polynomials of a certain order) and is difficult to explain in heuristic terms. The linear population growth considered above, although providing a good approximation in case the population density is not large and there is no strong Allee effect, is not realistic if considered in a more
The impact of habitat's size and shape on populations general case. We therefore proceed now to a more general model (2.1) with the growth rate given by (2.2) with one of the scaling relations (2.3-2.5). In this case, there is no analytical solution to the critical size problem and the system is studied through extensive numerical simulations. The results obtained for the two different shapes (i.e. square and cross) and the three different choices for γ(β) are shown in Figs. 4-6 . The critical relation between L and β is shown by the solid curve (obtained numerically); the parameters from above the curve correspond to population survival, the parameters from below the curve correspond to population extinction. We therefore observe that the general system (2.1-2.2) exhibits essentially the same tendency with regard to the domain shape as the linear system (1.1): for the same value of L and β, the critical size of the cross-shaped domain is always larger than the critical size of the square-shaped domain. This clearly manifests the importance of the domain shape for population survival. We also observe that the critical size tends to increase with an increase in the strength of the Allee effect (quantified by parameter β). Interestingly, the rate of increase appears to depend on the choice of the scaling relation for γ. In particular, when γ is scaled as (2.5) (i.e. to keep the same value of the maximum per capita growth), the critical size is approximately constant for β < 0 where the Allee effect is weak.
The impact of habitat's size and shape on populations In order to further reveal the effects of the domain geometry on the population dynamics, now we are going to consider the domain of a different shape. For convenience, we refer to it as the 'H-shaped' domain; see Fig. 7 . There are therefore two large sub-domains (Habitat 1 and Habitat 2) and the narrow passage connecting them. Our choice of this shape is motivated by the biological observations pointing out at the importance of corridors for the population dynamics [2] . We will consider the overall size of the domain to be large enough (L = 100), so that the size of Habitats 1 and 2 are overcritical; hence, the population would not be endangered in either of them. Our aim is to reveal the effect of the passage. We choose the initial conditions differently from the above, namely u 0 = 1 in Habitat 1 and u 0 = 0 in the rest of the domain, i.e. in Habitat 2 and the passage. As well as above, the Dirichlet boundary conditions u(r, t) = 0 are used at the domain boundary. Our primary interest here is to reveal how the parameters of the passage, i.e. its length and width, can affect the population spread from Habitat 1 to Habitat 2. Having fixed the passage width as 7, we observe that the population spills over to Habitat 2 for the passage length being 4.6 but is blocked by the passage when its length is equal to 5. The existence of critical parameters of the passage is thus demonstrated. Intuitively, we can therefore expect that the population is going to be blocked for a sufficiently narrow or sufficiently long passage but could spill over to Habitat 2 otherwise. This expectation is generally confirmed by our simulation results; see Fig. 9 . Additionally, we observe that there exists a critical value w cr of the passage width, w cr ≈ 7.8, w cr ≈ 3.0 and w cr ≈ 3.6 for Fig. 9a, b and c, respectively. In case the width is larger than w cr , the population cannot be blocked whatever is the length of the passage. Note that the critical width appears to be about 2.5 times larger in case of the scaling (2.3) (Fig. 9a ) compared to the scaling (2.4) (Fig. 9b) . 
Discussion and concluding remarks
In this paper, we have considered the effect of the domain size and shape on the population dynamics, in particular, on the population survival in case the overall size of the habitat is small. We have addressed this problem theoretically using the single species model described by a scalar reaction-diffusion equation. Relevant properties of the solution such as either u(r, t) → 0 for t → ∞ uniformly over the domain (extinction) or otherwise (survival) were revealed in extensive computer simulations subject to domain's shape and size, the strength of the Allee effect and different scaling (normalization) of the growth rate. Having analyzed the simulation results in the special case of the linear growth rate, we found a simple formula to match the critical size of the cross-shaped domain to that of the square, thus making the corresponding problem analytically tractable.
Having considered three different normalizations for the population growth rate γ, see Eqs. (2.3-2.5), we have found that the features of the critical size dependence on the strength of the Allee effect are sensitive to the way how different populations are compared. In particular, in the square-shaped domain, in the range −1 < β < 0 (i.e. when the Allee effect is weak) the critical size increases almost linearly in case of normalization (2.4) but remains approximately constant in case of normalization (2.5), cf. Figs. 5a and 6a.
Sensitivity of the critical patch size to the growth rate normalization is a rather counterintuitive result that can have various implications. Firstly, in the context of mathematical modelling, this evokes the concept of structural stability. Some population dynamics models are known to show high sensitivity to the details of the functional response(s), so that the bifurcation value of the controlling parameter (e.g. the carrying capacity) can differ by an order of magnitude [1, 14, 15] . Interestingly, in our model, the functional form of the population growth is exactly the same for all three normalizations, only the constraint on the parameter values is somewhat different, and yet the obtained critical patch size can differ more than twice (e.g. compare Figs. 4a and 5a ) and responds differently to the change in the threshold density β (cf. the different shape of the corresponding curves in Figs. 5 and 6 ). It suggests that, when building even a simple single species model, one has to be careful about the biological justification of the details.
Secondly, different value of the critical size and its different dependence on β may also indicate the existence of certain evolutionary strategies in response to habitat fragmentation. Indeed, according to the meaning of normalizations (2.4) and (2.5), such evolution would be going on while trying to preserve, respectively, either the maximum growth rate or the maximum per capita growth rate. However, in case of (2.5), the critical patch size appears to be almost two times larger than in case of (2.4). Similarly, a hypothetical species with the strategy according to (2.4) would show a much better capability to spread between different habitats in a poorly connected landscape than a species with the strategy (2.5); cf. Figs. 9b and 9c. It suggests that the species employing the strategy to maintain its maximum growth rate (rather than per capita growth rate) would likely have more chances to survive in a complex or heavily fragmented environment.
As was previously discussed, the size and shape of the habitat both have a significant influence on the population dynamics, in particular on its survival. We have shown that, although the size of a domain is important, in reality it is actually the interplay between the size and shape of a given domain that determines the survival of its population. One important finding of our study is that the critical size of the cross-shaped domain is always larger than the corresponding critical size of the square-shaped domain. It suggests that the likelihood of the population survival is higher in fragmented habitats of simple shapes. This conclusion agrees well with the empirical observation that the probability of population persistence in fragments with complex shapes can sometimes be reduced [3, 20] . Similarly, the fraction of the habitat area that is affected by the edge effects is known to be determined by the connection between the shape and the size of the habitat [2] . Thus, our study provides a relevant theoretical framework for the interpretation of empirical observations on the population dynamics on fragmented habitats that can be used in further studies on this important research topic.
